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Genetic algorithms (GAs) have the characteristic of maintaining a population of solutions and can search in
a parallel manner for many nondominated solutions. These features coincide with the requirement of seeking a
Pareto optimalset in a multiobjective (multicriteria, vector) optimization problem. The rationale for multiobjective
optimization via GAs is that at each generation, the fitness of each individual is defined according to its nondom-
inated property. Because nondominated individuals are assigned the highest fitness values, the convergence of a
population will go to the nondominated zone: the Pareto optimal set. Based on this concept, a Pareto GA, whose
goal is to locate the Pareto optimal set of a multiobjective optimization problem, is developed. In this GA, to avoid
missing Pareto optimal points during evolutionary processes, a new concept called Pareto-set filter is adopted. At
each generation, the points of rank 1 are put into the filter and undergo a nondominated check. In addition, a niche
technique is provided to prevent genetic drift in population evolution. This technique sets a replacement rule for
reproduction procedures. For a constrained optimization problem, a revised penalty function method is introduced
to transfer a constrained problem into a nonconstrained one. The transferred function of a point contains infor-
mation on a point’s status (feasible or infeasible), position in a search region, and distance to the Pareto optimal
set. Two multiobjective optimization examples, a 25-bar space truss optimal design (objectives: structural weight
and virtual work, constraints: stresses) and a four-bar pyramid truss with control system (objectives: structural
weight and control effort, constraints: closed-loop frequencies) are provided to demonstrate analysis procedures

of the proposed Pareto GA.

Introduction

HE analytical procedure used to solve a single-objective or

multiobjectiveoptimizationproblem (MOP) is generally based
on a conventional linear or nonlinear programming algorithm.! *
Although these methods have undergone continual development
over the past 30 years, algorithms available to date are not particu-
larly robust; no method performs uniformly well on broad classes
of problems. Moreover, most algorithms make use of gradient in-
formation to guide their search. As such, they tend to find a local
minimum rather than a family of solutions known as the Pareto op-
timal set from which a multiobjective designer can select the best
compromise solution.

The genetic algorithm (GA) introduced by Holland® is based on
the Darwinian survivalof the fittest theory.In contrastto most classi-
cal optimizationmethods, a GA is a parallel and evolutionarysearch
technique. It requires no gradient information and produces multi-
ple optima rather than a single local optimum. These characteristics
make the GA a powerfultool for solving multiobjectiveoptimization
problems. In view of the potential that GAs have in multiobjective
optimization, Schaffer® developed a GA that he called the vector
evaluated GA (VEGA). VEGA is an extension of a simple GA in
which the selection step is modified so that, at each generation, a
group of subpopulationsis generated by performing equal-size se-
lection with each objective function in turn. These subpopulations
are then shuffled together to obtain a new population. In this way,
each objective tries to achieve its own best value so that a tradeoff
among objective functions is incorporated into the GA’s evolution-
ary process. Although this scheme was simple to implement, the
independent selection of champions in each criterion held the po-
tential for bias against middling individuals.” Based on the concept
of Pareto optimal set, Goldberg’ suggested a Pareto GA that uses
nondominated ranking procedures to guide a population toward the
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Pareto optimal set in an MOP. He also proposed using a niche tech-
nique to keep a populationfrom drifting to some regionsin a Pareto
optimal space. Two studies®® have tried to solve multiobjective
optimization with GAs according to Goldberg’s suggestions. The
investigators use a sharing niche technique to maintain a uniform
convergenceof a populationalong the nondominatedset (Pareto op-
timal set). In this technique, a new GA parameter, the niche radius
Osnare» 18 introduced. Performance of the niche techniqueis sensitive
to the setting of oypyre-

Inthisresearch,anew Pareto GA thatsolvesan MOP with/without
constraintsis developedon the basis of nondominatedranking. The
goal of this Pareto GA is to find a representative sampling of solu-
tions along the Pareto optimal set. To accomplish this, several new
techniques are investigated. A new operator called the Pareto-set
filter is introduced to prevent the loss of Pareto optimum points in
evolutionary progress. A niche technique is created by putting lim-
itations on reproduction operators. Fitness is defined in terms of
the rank of a point and the rank size. For constrained optimization
problems, the Pareto GA adopts a fuzzy penalty functionmethod. A
penalty value is combined with its objective functionto create a new
means of evaluation that can be easily included in a nondominated
ranking procedure. Numerical experiments show that the Pareto GA
can be powerful, robust, and computationally feasible for even ex-
tremely difficult problems.

Simple GA

In nature, evolutionis a natural-selectionor self-optimizing pro-
cess within a specified environment. More successful species sur-
vive and propagate while the less successful ones decline. GA, a
computer algorithm simulating the evolutionary process, is a search
procedurewith arandomizedyet structuredinformationexchangein
a finite space. GA uses random processes to produce an initial popu-
lation, and simple operatorsare applied to the populationto produce
anew population. The new populationis referred to as offspring,and
the original population as parents. GA represents complex models
by simple encoding. It works with a coding of the parameter set,
not the parameters themselves. One encoding method is the repre-
sentation of a model by binary bit strings. Considering an optimal
design problem, design variables are {x} = {x;, x,, x3} and each
variable has a specified range so that x; i, < X; < X; nax. A variable
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can be encoded by mapping in a range Xy, —Xm. USIng an n-bit,
binary unsignedinteger. If a 4-bit code is chosen to map a variable,
then x,,;, — (0000) and x,,, — (1111). There are 2" values in
this range (for this example, n = 4). The following equation can be
used to decode a string:

xj = xj.min + (xj.max - xj.min) (1)

j
2 —1
where B; is the decimal integer value of binary string for variable
x;. A string usually stands for a point in a design variable space. In
the precedingexample’letxl.min = X2,min = X3,min = 0 andxl.max =
X2.max = X3.max = 4. A design point {x} = {1.8667, 2.4, 3.2} could
then be represented by the string (011110011100) where the first
four bits equal x; (1.8667), the middle four bits equal x, (2.4), and
the last four bits equal x3 (3.2).

In contrast to a traditional optimization method, which usually
starts its search from a point {x}° = {x|, x,, x3}°, GA search works
from a population of points {x}9, {x}, ..., {x}°. In a traditional
method, a search moves gingerly from one point in the decision
space to the next, using certain rules to proceed to the next point.
In GA, the process works generation by generation (iteration) using
probabilistic, not deterministic transition rules, successively gen-
erating a new population of strings. A simple genetic algorithm is
composed of the following three operators: reproduction,crossover,
and mutation.

Reproduction is a selection process to determine the survival
potential of a string according to that string’s fitness. Fitness is a
nonnegative merit measure of optimization objective function with
respect to a string. Strings with higher fitness values have a higher
probability of proceeding to the next generation. For example, if
fitness value of a string is f; in a population (populationsize is 1),
the probability of the ith string chosen as a parent is

1
c[=f[/;2f,~ @)

Crossoverinvolvesrandom exchange of correspondingbits between
two parent strings to produce two new offspring strings. Crossover
operator follows the reproductionprocedure. It is a processin which
all of the newly reproducedstrings are groupedinto pairs at random;
then each pair of strings undergoes crossoverbased on certain rules.
For example, consider a pair of parents given by previous bit string
(011110011100) and another string (01100100101 1), representing
the point (1.6, 1.0667, 2.9333). If one-point crossover is used, the
strings after crossover (the crossover position is randomly selected
to be 5) are (011111001011) and (011000011100), representing a
pair of new points: (1.8667, 3.2, 2.9333) and (1.6, 0.2667, 3.2).

Mutationintroducesdiversityin a model populationby occasional
random change in bit values of strings. It plays a secondary role in
the operation of GAs. In mutation operator, the value of the bit of
a randomly chosen string at a randomly selected position between
1 and L (L is the length of the string) is changed. Mutation is
potentially useful in restoring lost diversity in a population.

The goal of optimizationis to search the best possible solutionin
a finite space with respect to one or more objectives. The mechanics
in applying a simple GA to an optimization problem are as fol-
lows. The simple GA randomly produces a finite initial population
(m design points) in a defined space. Then, performing the initial
population with simple genetic operators, fitness evaluation, repro-
duction selection, crossover, and mutation, a new generation pop-
ulation can be generated. This process (evolution) is repeated until
a satisfactory solution evolves. Simple GAs have been successfully
applied to single-objective optimization problems !0~ 12

Pareto Genetic Algorithms
for Multiobjective Optimization

Multiobjective optimization determines a vector of design vari-
ables within a feasible region to minimize (or maximize) a vector
of objective functions that are usually in conflict with each other. It

can be expressed as

minimize {/1(0), fa(x), ..., fu(x)}

(3

subject to gx) <0

f,

Fig.1 Feasible region and

Pareto optimal set. ¥

Feasible Zone

Pareto Optimal Set

fy

where x is the vector of design variables, f; (x) is the ith objective
function, and g(x) is the constraint vector.

The solution for an MOP is always situated in its Pareto optimal
set. Such a set can be stated as follows. A feasible vector x* is a
Pareto optimum (nondominated) for Eq. (3) if and only if there exists

no feasible vector x such that'® foralli € {1, 2, ..., n}

fi(x) £ fix™) )
and for at leastone i € {1,2,...,n}

fi(x) < fi(x™) (5)

A Pareto optimization gives a set of nondominated solutions,
i.e., solutions for which no criterion (objective) can be improved
without worsening at least one other criterion. Figure 1 shows an
optimization problem with two objective functions where dash lines
indicate the Pareto optimal set in objective space.

A typical characteristic of an MOP is the absence of a unique
point that would optimize all criteria simultaneously. Any point in
the Pareto optimal set can become an optimum solution that varies
with different decisionmakers. There is no generally accepted stan-
dard to judge the merits of a solution. Designers make their choices
on the basis of tradeoff among design objectives. A Pareto optimal
set conveys information on the tradeoff. Thus, a multiobjective for-
mulation optimization can be ideally solved by obtaining an evenly
distributed subset of Pareto optimal set and then exploring this sub-
set to find a decisionmaker’s preference.

Most traditional multiobjective optimum algorithms seek the
best compromise solution. This solution varies according to search
method in most MOPs. Furthermore, a solution from a traditional
method tends to be trapped by the first local minimum encoun-
tered, which cannot be assumed to belong in the Pareto optimal set.
Clearly, designers of multiobjective optimization have less choice;
they cannot verify a solution as a truly optimal one with a conven-
tional algorithm.

GA procedures are designed to locate global optimum. As noted,
a GA 1is able to maintain a population of solutions and to conduct a
parallel search for many nondominated solutions. This ability and
search process meets the requirementof seeking a Pareto optimal set
to solve an MOP. The basic concept of multiobjective optimization
via GAs is that, in each generation, the fitness function of each indi-
vidualis decided according to its nondominated property. Nondom-
inated individuals always have a higher probability of proceeding
to the next generation because they have the highest fitness values.
As evolution continues, the convergence of a population goes to its
Pareto optimal set zone. Utilizing the parallel search and group out-
put properties of GAs, a Pareto GA for multiobjective optimization
is proposed. Unlike a simple GA, the goal of a Pareto GA’s search is
aregion (Pareto optimal zone) rather than an optimal point. Further-
more, this Pareto GA has two operators, niche and Pareto-set filter,
besides the three basic operators, reproduction, crossover, and mu-
tation. The analysis procedurefor this Pareto GA consists of finding
an evenly distributed Pareto optimal set, then choosing a solution
from the set. The flow diagram of a Pareto GA is shown in Fig. 2.
A detailed explanationis given in subsequent sections.

Nondominated Solutions and Rank

In this Pareto GA, a point’s fitness dependsonits rank and a point’s
rank depends on its nondominated nature. An algorithm selecting a
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{_ Initialize population

!

Calculate objective functions
and constraints of each point

Combine objective functions with
constraints into new functions
using the fuzzy penalty function

Rank population based on
nondominated properties

!

Put nondominated
set of present
population into the
Pareto-set filter

Define fitness of
each point based
on its rank

Y
# GA operations: reproduction

Nondominated check
keeping only

nondominated points
in the filter

!

crossover, mutation and niche
to produce a new generation

Output the points in the ) )
Pareto-set filter. These points Y —Satisfy piven
form the possible Pareto optimal [*— . isfy given

. criteria?
set for the problem being solved e e

Fig.2 Pareto GA for multiobjective optimization with constraints.

nondominated solution from a given solution set { '} can be defined
as follows.

A vector f* is a nondominated solution for a multiobjective op-
timization problem in a population if and only if (maximization
problem)

 nfi< 5 fi# 1, Ji€F, i=12,...,P,
6)

or (minimization problem)

f 0fi# 1 fi# 1, Ji€F, i=12,...,P,
(7

where P, is populationsize.

Nondominated procedure works on the criterion domain. In prac-
tical programming, the procedure (for the minimization problem)
can be implemented as follows. All items are arranged in ascend-
ing order with respect to the first criterion f;. Where the value of
/1 is the same, relevant items are arranged in ascending order with
respect to the second criterion f5, the third criterion f3, and so on.
After organizing the entire population and eliminating those items
dominated by other ones, the remaining items are nondominated
points belonging to rank 1 in the present population.

Ranking a populationis a continuous labeling process.” At each
generation,nondominated points are identified and assigned rank 1.
From the remaining population,nondominated points are identified
and assigned rank 2. This process continues until the entire popula-
tion is ranked. In reproduction, strings of rank 1 have more copies
whereas strings of higherrank have less. Figure 3 illustratesranking
for a two-objective maximization problem.

When the whole population is being ranked, the fitness of each
string in a rank can be determined by the following equations:

Fi=(N, —i+1)/SS (8a)

Ny
SS = Z(N, —i+ l)PX;/M (8b)

i=1

where M is the population size, N, is the highest rank of the popu-
lation, P; is the population size of rank i, and F; is the fitness of a
string ranked i. In the fitness definition just given, the reproduction
ratio of each rank relies on both its rank level and population size.
F; also defines the reproductionratio of each pointfor Y F; = M.

b4 Pareto Optimal Set

/" (Nondominated Set)

Rank 1 |>e

Rank 2 »o

Rank 3 e

Rank4 | e .

Fig.3 Population rank (two objectives).

Considera model population.Its size is M = 40 and the maximum
rank at generation K is N, =4. Two cases with different population
size P;; assumed at each rank are investigated:

rank 1, case I: P;; = 20, caseIl: P;; = 4;
rank 2, case I: P, = 10, case II: P, = 6;
rank 3, case [: Pz = 6, case II: P53 = 10;
rank 4, case I: Py = 4, case II: Py, = 20.

Using Eq. (8),

S8 =@ x204+3x104+2x6+ 1 x4)/40 =3.15

§$SH =4 x44+3x64+2x104+1x20)/40 =1.85
The fitness of a point F; at each rank is as follows:

rank 1, caseI: F;, = 1.27,casell: F, = 2.16;
rank 2, case I: F, = 0.95, casell: F, = 1.62;
rank 3, case I: F3 = 0.63, case II: F; = 1.08;
rank 4, case I: Fy = 0.32, case II: F;, = 0.54.

The fitness sum of all points is as follows.
Case I:

ZE =127%x2040.95x104+0.63 x6+032x4=40=M
Case II:
ZE =216x44+1.62x6+1.08x 104+0.54x20=40=M

Analysis of the preceding example shows that the fitness of a
lower rank point is decided by its rank level and rank population
size. The larger the population size is, the smaller the fitness of a
point. For example, at rank 1, F; = 1.27 for case I (population size
is 20 at this rank level) and F; =2.16 for case II (populationsize is
4 at this rank level). This fitness definition [Eq. (8)] satisfies the re-
quirementof stable and robustconvergencein the GA’s evolutionary
process.

Objective Functions, Constraints,
and Fitness Functions

In a GA for single-objective optimization, fitness function con-
nects with objective functionin a linear or nonlinear formulation.In
a Pareto GA dealing with a vector function space, fitness expresses
the relative position of a point in the rank space rather than the val-
ues of objective functions. The nondominated property of a point
determines its fitness value. Nondominated procedures for points
operate in the objective function domain. For a constrained opti-
mization problem, constraintconditions of a point must be included
in its fitness function. Using a penalty function method with the
stipulation that a feasible point is always superior to an infeasible
one, aprocessofredefining objectivefunctionscanbe constructedas
follows. First, the n objective values (minimum { f1, ..., f,};, max-
imum {f,,.41, ..., fu};) of point j are normalized; then, integrating
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with the point’s penalty function, they are transformed into a mini-
mization problem (minimum { f|’, ..., f'};) according to

. it (ff e F) o

‘f[ _[,f/'i_RI (f;,eF) l—l,...,n (93)
; Si/(L+ ) (minimum f;)
f}__{l/(1+-ﬁ) (maximumf;) (9b)

where F is the feasible zone in an objective functionspace, R; is the
penalty value of point j, and R; > 1 (see nextsection). In Eq. (9b), it
is assumed that f; > 0. Equation (9) converts a general optimization
problem into a minimization problem and normalizes the objective
functions so that0 < f; < 1.

Now the ranking procedure works on the new function value set
A 1,0 = 1,..., P,, where P, is the population size)
of the population. From Eq. (9), it can be observed that 0 < f” < 1
when the point is in the feasible zone; otherwise f,” > 1. Enforcing
this principle, it is easy to separate feasible points from infeasible
points. Note that infeasible points always hold higher rank than
feasible points. This is because any feasible point (f” <1) is a
nondominated one with respect to infeasible points (f;” > 1).

Constrained Multiobjective Optimization via GAs

A revised penalty function technique that transforms a con-
strained problem into a nonconstrained one is presented in this sec-
tion. As distinctfrom traditional optimizationmethods, a GA knows
nothing about the type of problem it handles and requires no gra-
dient information or other internal knowledge about a problem. All
it needs is the fitness evaluation of each point in a population. Fit-
ness value of a point relates to its rank and transferred functions.
A properly transferred function carries information on the point’s
status (feasible or infeasible), distance to Pareto optimal set, and
position in an infeasible zone. Three rules for proper transfer in a
Pareto GA are as follows: 1) The function easily marks the point’s
status as feasible or infeasible; 2) the closer a point is to the feasible
zone, the higher its fitness evaluation; and 3) the closer a point is
to the Pareto optimal set, the higher its fitness evaluation. Among
them, rule 2 should dominaterule 3 because an infeasible pointis an
unacceptablesolution. Pertaining to the three rules and the ranking
process, arevised penalty function of point K, based on fuzzy logic
theory,'* is created as follows for zones 1-11, respectively:

0 maximum(dg, ..., dgy) < 0.001
2 0.001 < maximum(dg, ..., dgy) < 0.01
3 0.01 < maximum(dgy, ..., dgy) < 0.02
4 0.02 < maximum(dgy, ..., dxy) < 0.05
5 0.05 < maximum(dgy, ..., dxy) < 0.1
Ry = {6 0.1 < maximum(dgq, ...,dgy) < 0.4 (10)
7 0.4 < maximum(dgq, ...,dgy) < 1.0
8 1.0 < maximum(dg, ...,dgy) < 2.0
9 2.0 < maximum(dgq, ...,dgy) < 5.0
10 5.0 < maximum(dg, ...,dgy) < 15.0
100 15.0 < maximum(dg, ...,dgy)

where dk; is the violation amount of point K to the ith constraint
[Eq. (11)] and M is the number of constraint conditions,

dy; = {0 &) =<0 an

gi(xx) otherwise

In Eq. (10), the constraintsare normalized [for example, g; (x;) =
o (x;) —25 < 0becomes g; (x) = o (x;)/25 — 1 <0] to give them
the same general order of magnitude.

Unlike a traditional penalty function method, the present algo-
rithm provides constraints with a violated quantity rather than a
value. This fuzzy formulation matches GA operators that are ran-
dom and probabilistic rather than precise numerical analysis and
calculation. This method also reduces rank levels and satisfies the
requirements of a nondominated ranking process in the Pareto GA.

feasible

Pareto Optimal Set

f,

Fig. 4 Relationship of function values and positions.

In terms of penalty concept, a point’s transferred function value in
an infeasible zone is a comprehensiverepresentationofits objective
function plus its penalty function. For point K, transferred function
values are { f|’, ..., f,'}x, where

fi'=fi+Rg (12)

From this equation it can be seen that the penalty function method
obeys the three rules. The value of f"(f” < 1 or f > 1) indicates
apoint’s status. R (integer part of f”) representsa point’s violated
degree in the infeasible zone, and f; [Eq. (9b), decimal part of f/’]
defines a point’s distance to the Pareto optimal set.

Figure 4 serves as an illustration of four points to Eq. (12).
Point Q(0.5, 0.7) is in the feasible zone (zone 1). Infeasible points
P(0.3, 0.3) and R(0.6, 0.7) are in the same zone (zone 2), and infea-
sible point S(0.15, 0.52) is in a higher zone (zone 3). According to
rule 1, point Q is the best one no matter where it is in the feasible
zone. Though points P and R have the same penalty function values
(Rp = Rp =2), point P is better than point R because its function
values { f], ..., f/}p are closer to the Pareto region. S is the worst
of the three infeasible points, being farthest from the feasible zone.
Applying Eq. (12), the new values of the four points are Q(0.5,
0.7),P(2.3,2.3),R(2.6,2.7), and S(3.15,3.52). In this minimization
example, Q dominates point P, P dominates R, and R dominates
S. Clearly, this fuzzy logic penalty function method can correctly
express rank order of a given pointin a Pareto GA.

Using the revised penalty function method, the original multiob-
jective constrained optimization problem Eq. (3) becomes

minimum{ f’, ..., f,'}
(13)
I ST

i

Pareto Optimal Set and Pareto-Set Filter

This Pareto GA tries to locate a Pareto optimal set in an objective
space. Each point in the set should be equally important and treated
as an optimum goal. However, reproducinga new generationcannot
guarantee that the best traits of the parents will be inherited by their
offspring. It is possible that some of these traits may never appear
in future phases of evolution due to limited population size. In the
evolutionary process, many points appear once or twice and then
disappear forever. Some of them may be the sought for optimum
goals: the Pareto optimal points. To avoid missing Pareto optimal
points,anew conceptcalled Pareto-setfilter is introduced. A Pareto-
set filter poolsnondominatedpoints ranked 1 at each generationand
drops dominated points.

At each generation, the points designated rank 1 are put into a
filter. When new points are added to the Pareto-set filter, all points
in the filter are subjected to a nondominated check (filtering pro-
cess) and dominated points are discharged. Thus, only nondomi-
nated points are stored in the filter. Filter size can be set as equal to
populationsize or any reasonable value. When the number of points
in a filter surpasses a given size, the points with minimum distance
relative to other points are removed to maintain an even distribution
of points.
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Fig. 5 Points of rank 1 (generation 500).
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Fig. 6 Points in Pareto-set filter (generation 500).

Whereas the solution of a GA without a Pareto-set filter comes
only from the last generation p,, [Eq. (14)], the solution of this Pareto
GA is picked from the entire evolution strategy P [Eq. (15)]:

pnz{fi.n; i=1a---aL|fi.n GF} (14)
P={f,i=1...

where L is the number of points assignedrank 1 in generationn, m
is the filter size, n is the generation number, f; ; is a nondominated
solutionin generation j,and F is the feasiblezone of an optimization
problem.

Collection P explicitly includes collection p,, and dominates the
latter. Figures 5 and 6 show results of points in a filter and points
from rank 1 at generation 500. These results come from a two-
objective optimization problem in a 25-bar space truss (example 1).
Note that the filter brings much improvementin the optimum result
set.

This new technique avoids missing any Pareto set points; all
Pareto set points appearing in the evolutionaryprocess are recorded.
The final filter gives a set of points closer to or actually in the Pareto
set zone. Furthermore, the effects of genetic drift are reduced, and
the convergence of the approach is robust.

.m; j=1,...,n|fi; € F} (15)

Niche Technique for the Pareto GA

Biologicalevolutionmaintainsa variety of species. Because of the
finite size of an artificial population and the stochastic errors asso-
ciated with GA operators,a phenomenonknown as genetic drift oc-
cursin GA evolutionaryprocesses. Geneticdrift makes a converging
population become nearly identical and cluster at certain optimum
regions.!> Niche techniques force individuals to share available re-
sources and maintain appropriate diversity. As noted, the goal of a
Pareto GA is to locate the Pareto optimal set of an MOP. Thus, an
effectiveniche techniqueis the key to the success of GAs for MOPs.

A niche technique presented herein is derived from the concept
that an offspring replacesits parentif the offspring’s fitness exceeds
that of the inferior parent. After a pair of new offspringis produced,
the parents are replaced only when the rank of one offspring in the
parent population is no worse than the best rank of their parents.
Otherwise, the parents go to the next generation. Applying this lim-
itation, new offspring always hold gene characteristics superior or
equivalentto their parents. Children are only produced around their
parent positions or at new position not dominated by the old ones.
Note two other characteristics of this niche method. It prevents the
formation of a lethal,and its reproductionprocedureis a steady-state
one. Equation (16) outlines the niche technique,

parentl + parent2 — child1 and child2 (16a)
parent_rank = min(parentl_rank, parent2_rank) (16b)
child—rank = min(child1—rank, child2_rank) (16¢)
test = child—rank < parent_rank (16d)
new—_childl = if (test) childl else parentl (16e)
new—child2 = if (test) child2 else parent2 (16f)

where two children’s ranks (child1_rank and child 2_rank) are de-
termined in the domain of their parent populationin which they are
treated as members of their paternal population. Alternatively, if the
min in Eq. (16b) is changed to max, the control conditionis relaxed.
However, numerical experiments show the original choice (min) is
better than the alternative one (max).

The proposed method has been tested in numerical experiments
of MOPs. Comparison of results (with/without niche technique) in
a 25-bar space truss (Example 1) is shown in Figs. 7 and 8.

The niche technique helps prevent genetic drift and maintains
a uniformly distributed population along the Pareto optimal set.
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Additional computational time is negligible with regard to the total
time spentin optimization via GAs.

Applications

Pareto GA techniquesjustoutlined were applied to two examples.
Firstis a 25-bar space truss. Some points of its Pareto optimal set can
be determined by a traditional optimization method. Second is an
integrated optimum design of structural and control systems for a
four-bar pyramid truss. Here, a traditional optimization algorithm
is usually trapped in a local solution. For both examples, GA pa-
rameters are chosen as follows. Uniform crossover'® and stochastic
remainder selection’ are used for crossover and selection operating
procedures. Crossover probability is 0.60, and mutation probability
is 0.01.

Example 1: 25-Bar Space Truss

A 25-bar space truss,!” shown in Fig. 9, is doubly symmetric.
This conditiondividesall truss members into eight groups. They are
AL A =A3=Ay= A5, Ag=A1=Ag=Ag, Ajp= Ay, Ap=Ays,
Au=A;s=A=A17, As=Apw=An=Ay, and Ap=Ay;=
A,y = Ajs. Acting loads, P; =20, P,= —5, P;=20and P,= —5,
are also shown in Fig. 9. The weight density and the elastic module
of the structure are p =0.01 and E = 10, 000, respectively.

Optimum objective is to minimize structural weight W and the
sum of the virtual work of all members U, i.e.,

W=3ALp, v=y (17

where A;, L;, v;, and p; are cross-sectional area, length, volume,
and weight density of the ith bar and o; and o; are virtual work
stresses for the real and dummy loadings, respectively. Dummy
loading P =1 acts in the same position and direction as loading P;.
Constraint conditions are

lo;| < 25ksi,
(18)
0.1in> < A; <5.0in.2, i=1,...,25

In the GA optimization procedure, population size is 400 and
chromosome (string) length is 120. Optimal results are displayed
in Figs. 5-8 and 10. In Fig. 10, optimum solutions (Min. W, Min.
U, and Min. W, U) are on the Pareto-set filter. Two optimum solu-
tion (Min. W, W =11.570; Min. U, U = 0.152) are found by using
a traditional optimal method'®; the multiobjective optimum solu-
tions (Min. W and U, W =40.611, U =0.339) is solved by using
the game theory algorithm.!” Results indicate that the points in the
Pareto-setfilter in generation800 form a subsetof the Pareto optimal
set.

Optimum results of a Pareto GA allow designersto select the best
compromise solution from the solutionsetand to determine whether

Fig. 9 Example 1: 25-bar space truss.

1.4

1.2

(=1
oo
Lo

Virtual Work, U
< g 5
B ™
v ]
p
|
2
g
£
o

»>
\\ Min. E

0 \ I \ \
0 2 4 6 8 10 12 14 16
WEIGHT, W (*10)

»

|

Fig. 10 Pareto-set filter at generation 800.

Fig.11 Four-bar pyramid truss.

the solution is robust. In the selection process, a decisionmaker
should not pick a solution from segments whose slopes are close or
equal to 0 or 7 /2. Note the right end segment of the Pareto optimal
set in Fig. 10. When virtual work decreases from 0.155 to 0.152
(—2%), structural weight increases from 100.0 to 150.0 (+50%).
Clearly, this segmentis not a good tradeoff region. In this example,
a rational compromise design is situated at the middle segment of
the set.

Example 2: Four-Bar Pyramid Truss

A four-barpyramid truss* is shownin Fig. 1 1. The weight density
and the elastic module are p = 0.0001 and E =1, respectively. An
active control system is located on bar 1. Passive damping ratio &
of the structure is assumed to be zero. A nonstructuralmass of two
units is attached at the top node.

In this optimization example, minimizing structural weight W
and control effort?!:2? V is the optimum goal,

W = ZA,‘L,‘,O,‘,

The integrated structural and control design procedure for this sys-
tem appears in the Appendix.

Optimum constraint conditions are put on frequencies w; of the
closed-loop system [A] [Eq. A2] and cross-sectional areas of the
bars:

V = tr[P] (19)

0.7<w; 0.8, 0.9 <w, <1.0, l1<w

3
(20)
10.0 < A; <1000,

In this example, population size is 400 and chromosome length
is 60. Numerical results are shown in Figs. 12-15.

In Fig. 12, distribution of the initial populationis distant from the
possible optimal zone, and only four points among the 400 individ-
uals are in the feasible zone. Comparing Fig. 13 with Fig. 14 shows
that the points in the Pareto-set filter (Fig. 13) constitute a much



CHENG AND LI 1111

100

o<}
(=3
b

[=))
(=]

]

CONTROL EFFORT, V (*10)

[\
(=]

0 | | | | |
0 1 2 3 4 5 6
WEIGHT, W (100)

Fig. 12 Population distribution at generation 0.
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better nondominated set than the point of rank 1 (Fig. 14) in gen-
eration 700. GA results in the filter give the relationship of weight
vs input effort tradeoffs. Points W, V, and WV in Fig. 13 are op-
timum solutions of traditional optimization algorithms,'®1° which
minimize weight (W, W = 145.83), input effort (V, V =48.218),
and weight and input effort (W and V, W =249.83, V =52.388)
subject to the given constraints. Obviously, the single-objective
optimization results (W, V') are local ones and the multiobjective
optimization solution (WV) is not in the Pareto optimal set. Point
WV isnotan optimum solution for this MOP because weight W and

9
A / Generation 100
a8 .
z : _ Generation 700
> [ o
=7 .
& \ "
|4
5, -
= ~N
E %
3\
8 ’ \’\
4 I ‘ ‘ .

WEIGHT, W (+100)
Fig. 15 Filters at generation 100 and 700.

control effort V can be simultaneously improved without damage
to either one. Figure 15 displays the point change in the filter from
generation 100 to generation 700. Numerical results show that this
Pareto GA is efficient and robust and displays global convergence.

Discussion and Conclusions

Details of the Pareto optimal solution and Pareto GA theory
are presented, and the relationship between them is described. A
Pareto genetic algorithmis developed for MOPs with/without con-
straints. Numerical experimental results, obtained from two engi-
neering problems, show the ability of the Pareto GA to seek tradeoff
surface regions and find global optimum.

Even more encouragingis the apparentrobustness of the method.
Note in example 2 that it is difficult to find feasible solutions (in the
initial population, there are only four points in the feasible region).
Yet results still show an even distribution subset of nondominated
points in the feasible region after 700-generationevolution. Devel-
opment of the Pareto GA can truly bring a rational decisionmaking
process into engineering design and multiobjective optimization.
Designers do not need to work in a black-box environment. They
can make decisionsbased on objective tradeoffs determined by solu-
tions of a Pareto GA. Results also allow for considerationof factors
such as sensitivity and tolerance.

In this Pareto GA, a formulationto separatefeasible and infeasible
points and embed them with objective functions and to configure
the GA rank-based evolution has been presented. The definition of
fitness considersranklevel of a pointand populationsize of the rank.

A revised penalty function method is constructed on theories of
fuzzy logic and Pareto optimal solutions. A penalty value is an
expressionof the nondominatedcharacterand infeasible position of
a point. This revised method enables the Pareto GA to solve MOPs
with constraints.

Anewly developednichetechniqueoperatesin the objectivefunc-
tion domain to take advantage of properties of the Pareto optimal
set. Itis easy to use and involves no new parameters. Computational
costofthis techniqueis negligible.Its applicationto the evolutionary
process maintains a population of diverse individuals.

The Pareto-setfilter presentedmakes a Pareto GA more robustand
less affected by genetic drift. Furthermore, results from the points
in a filter are always superior to those from the points of rank 1.

This Pareto GA can handle complicated multiobjective response
surfaces and achieve the global optimum more often than classical
search methods. Although it takes longer to locate optimal regions,
this Pareto GA seems able to do so more reliably. Its ability to give a
designerinsightinto the problemand find the globaloptimum should
encourage increased application in engineering and related fields.

Appendix: Integrated Structure and Control Design

Equations of motion for a structure with active controls are given
by22

[M]{x} + [Cl{x} + [K]{x} = [DI{f} (AD
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For the four-bar pyramid truss,

200
M]=|0 2 of, [C]=[0]
00 2

2: Cjzﬂ' E}j?l 24: Cyi Cyi EL_I?I 24: CxiCzi ELAI

i=1

4 4
(K] = Z e E}J_Al Z Cii E A, Z ey E A,

L L
Z CriCy; E}jl Z o E}jl

i=1

[D]” =1[0.3637, 0.7274, 0.5819]

where ¢,;, ¢y;, and c;; are cosines of angles between the ith member
and global axis X, Y, and Z, respectively (Fig. 11). E;, A;, and L;
are the elastic module, cross-sectional area and length of the ith
member. For the given structure,

cq = 0.3637, ¢y =0.7274
¢, =0.5819, L, = 164.973
= 0.4472, ¢,y = —0.5367
¢ = 0.7155, L,=134.164
i3 = —0.7682, ¢y = —0.3841
.3 =0.5121, L, = 187.446
Cry = —0.6838, cyy = 0.5698
¢4 = 0.4558, L, =210.599

[M], [C], and [K] are mass, damping, and stiffness matrices, re-
spectively. [D] is an applied load distribution matrix that relates to
the control input force vector { f}.

A closed-loop system is given by

[Aal{u} = {u} (A2)

where
[Aa] =[A] - [B][G] (A3)
[G] = [R]"'[B]"[P] (A4)

[A] is a plant matrix, and [B] is an input matrix:

(0] (71
Al = A5
- [[—wz] [—250)]] (43
(0]
B] = A6
7] [[¢]T[DJ (A0)

where &£ (=0) is the damping factor, w is the natural frequency of the
structure, [®] is the modal matrix whose columns are eigenvectors,
and [@]"[M][®] = [I], [®]"[K][®] = [@’], and [®]"[C][®] =
[2£w].

[P] represents a symmetrical positive definite matrix called the
Riccati matrix and is found by solving the following algebraic Ric-
cati equation:

[AI"[P]+ [P][A] +[Q] = [PIBI[R]"'[BI"[P] = [0] (A7)

where [Q] and [R] are state weighting matrix and control weighting
matrix, respectively. In this example, [ Q] and [R] are taken as unit
matrices.
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